Abstract. In this paper we present an algorithm for 3-dimensional orthogonal graph drawing based on the movement of vertices from an initial layout along the main diagonal of a cube. For an n-vertex m-edge graph with maximum degree six, the algorithm produces drawings with bounding box volume at most 2:37n 3 and with a total of 7m=3 bends, using no more than 4 bends per edge route. For maximum degree ve graphs the bounding box has volume n 3 and each edge route has two bends. These results establish new bounds for 3-dimensional orthogonal graph drawing algorithms and improve on some existing bounds.
Introduction
Prompted by advances in graphics workstations and applications including VLSI circuit design 4, 20, 22] and software engineering 15, 21] , there has been recent interest in graph visualisation in 3-dimensional space. Proposed models include straight-line drawings 6, 13, 17], convex drawings 5, 8] , spline curve drawings 14], multilevel drawings of clustered graphs 7], visibility representations 1, 12] and of interest in this paper orthogonal grid drawings 2, 9{11, 16, 18, 23{25] .
The 3-dimensional orthogonal grid consists of grid points in 3-dimensional space with integer coordinates, together with the axis-parallel grid lines determined by these points. An orthogonal grid drawing of a graph places the vertices at grid points and routes the edges along sequences of contiguous segments of grid lines. Edge routes are allowed to contain bends and can only intersect at a common vertex.
We shall refer to the 3-dimensional orthogonal grid as the grid and an or- v . Clearly, grid drawings can only exist for graphs with maximum degree six. Figure 1 shows an example of a 2-bend grid drawing.
The grid has been extended to higher dimensions 23] , and by representing a vertex by a cube for example, 3-dimensional grid drawing of arbitrary degree graphs has also been considered 2, 18] .
The most common proposed measures for determining a`good' grid drawing have been the bounding box volume and the maximum number of bends per edge route. Using straightforward extensions of the corresponding 2-dimensional NP-hardness results, optimising any of these criteria is NP-hard 9]. In this paper we look at the total number of bends as a further measure of the`goodness' of a grid drawing. Table 1 shows the tradeo between the bounding box volume and the maximum number of bends per edge apparent in the existing grid drawing algorithms. Algorithm ESW1 requires the least volume at the cost of more bends per edge route. In fact, this volume bound is tight. Kolmogorov and Barzdin 16] and Rosenberg 22 ] establish a lower bound of (n 3=2 ) for the bounding box volume. Algorithms ESW4 and PT establish an upper bound of three for the maximum number of bends per edge route. Eades, Symvonis and Whitesides 10, 11] had conjectured that there does not exist a 2-bend grid drawing of K 7 .
Wood 23] presents a counterexample to this conjecture. 2-bend grid drawings of the other multi-partite 6-regular graphs K 6;6 , K 3;3;3 and K 2;2;2;2 have also been found 25]. While it is unknown if the upper bound of 3 for the maximum number of bends per edge route is tight, it is easily seen that K 5 provides a lower bound of two 23] . The following open problem is therefore of interest: 2-Bends Problem: Does every maximum degree six graph admit a 2-bend grid drawing?
In this paper we solve the 2-bends problem for maximum degree ve graphs.
Our algorithm, applied to an n-vertex m-edge graph with maximum degree six, produces a 2:37n 3 -volume 4-bend grid drawing with at most 7m=3 bends. The algorithm positions the vertices along the diagonal of a cube according to aǹ approximately balanced' ordering. From there vertices are moved in up to two dimensions and non-intersecting edge routes determined. Section 2 of this paper introduces balanced orderings. Section 3 describes a model for grid drawing, the types of edge routes used and how to avoid edge route intersections. Following the presentation of the algorithm in Section 4, we conclude by comparing its performance with the existing algorithms.
Throughout this paper G is an n-vertex m-edge undirected simple graph with maximum degree six. We de ne the directed graph G 0 with vertex set V (G 0 ) = V (G) and two arcs (v; w); (w; v) 2 A(G 0 ) for each edge fv; wg 2 E(G).
The arc (v; w) is called the reversal of (w; v). We use the notation vw to represent the edge fv; wg, the directed arc (v; w) or the edge route for fv; wg. The port at v used by an edge route vw is referred to as the port assigned to the arc vw. A total ordering < of V (G) induces a numbering (v 1 ; v 2 ; : : : ; v n ) of V (G) and vice versa. We shall refer to both < and (v 1 ; v 2 ; : : : ; v n ) as an ordering of V (G). For each anchored arc vw coloured I insert a plane at v perpendicular to the I-axis so that the unit length segment of the edge route vw lies between v and the inserted plane. The plane is considered to have an I-coordinate unique to v.
A grid point on an edge route vw has two coordinates unique to v, one coordinate unique with v and one with w, or two coordinates unique to w.
Therefore edge routes can only intersect if they are incident at a common vertex, and these edge routes, say vu and vw, must intersect as in Figure 8 .
In each case, swapping the ports at v assigned to vu and vw reroutes the edges so that they no longer intersect. In (b) and (a) (if exactly one arc is anchored) the anchor is transfered to the other arc. In (a) and (c) swapping ports may create new edge route intersections between uv and another edge incident at u, or similarly at w. However in (a) the sum of the lengths of the middle segments The bounding box has volume (n + k X ) (n + k Y ) (n + k Z ), where k I is the number of anchored arcs coloured I. It is easily seen that the bounding box volume is maximised when it is a cube; i.e. k X = k Y = k Z = k=3. Therefore the bounding box volume is at most (n + k=3) 3 . An unanchored edge route has two bends, and each anchored arc contributes one further bend. Therefore the total number of bends is 2m+k, and if k = 0 then only 2-bend edge routes are used.
The algorithm described in the next section shall apply Theorem 1 with one anchored arc for each degree six vertex. 4 The Algorithm Our grid drawing algorithm initially positions the vertices along the main diagonal of a cube according to an approximately balanced ordering. At a balanced vertex v the positive (respectively, negative) ports are assigned to the successor (predecessor) arcs of v. However, at an unbalanced, say positive, vertex v the positive ports can be assigned to at most three successor arcs of v. The remaining successor arcs vw must be assigned a negative port at v. To do so we can anchor the arc vw (as referred to in Section 3), or move v past w in some ordering, in which case vw is said to be a movement arc. 
If vw is a movement arc coloured I then v is moved to immediately past w in the I-ordering, thus allowing vw to be assigned the I ? v port for positive v and the I + v port for negative v. In Figure 9 we illustrate the movement and anchoring process in the case of a positive (0,6)-vertex. To represent the 3-colouring of A(G 0 ), we construct a graph G 00 with vertex set V (G 00 ) = A(G 0 ). Vertices are adjacent in G 00 if the corresponding arcs must use non-parallel ports. We distinguish four types of edges of G 00 :
1. The rst type of edge ensures that arcs which`compete' for the same ports are coloured di erently. In Table 3 We now summarise our algorithm. Theorem 2. For a simple graph G with maximum degree six, the above algorithm will determine a 4-bend grid drawing of G with bounding box volume 2:37n 3 using at most 7m=3 bends. If G has maximum degree ve then the bounding box has volume n 3 and each edge route has two bends. Proof: To prove that the graph G 00 is 3-colourable we employ two operations which preserve the 3-colourability of a graph. Firstly, a degree one or two vertex v and its incident edges can be removed; v can be later coloured with the colour di erent from its neighbours. Secondly, if K 4 n fv; wg is a subgraph for some non-adjacent vertices v and w, then in any 3-colouring v and w must receive the same colour, so we merge these vertices and replace any multiple edges by a single edge. We shall now show that this process can be continued until G 00 has maximum degree three, and is not K 4 , so by Brooks' Theorem 3] is 3-colourable.
For an unbalanced vertex v, let H v be the subgraph of G 00 consisting of the vertices vv A , vv B and vv C and their incident edges. We shall initially show that H v`r educes' to a maximum degree three subgraph.
For a degree six unbalanced vertex v, the vertex of G 00 corresponding to the anchored arc vv C is incident with at most two (unlabelled) edges, and therefore can be removed from G 00 . (1,4) vertex, and therefore v 2 v and the edge fvv 2 ; v 2 vg (labelled`r') will be removed (see Figure 12 ). In either case vv 2 (=v 1 (v 1 ) 1 ) has degree three. We have shown that all remaining vertices in G 00 have degree at most three, and it is easily seen that G 00 is not K 4 , by Brooks' Theorem 3], G 00 is 3-colourable. We shall now show that this 3-colouring satis es the conditions of Theorem 1.
The edges of G 00 labelled`r' guarantee condition (1) holds. The unlabelled edges in G 00 ensure that at most two outgoing arcs at each vertex v receive the same colour. Suppose the arcs vu 2 fvv A ; vv B ; vv C g and vw 2 fvv D ; vv E ; vv F g are coloured I 2 fX; Y; Zg, and vu and vw are both not anchored.
If vu is not a movement arc then v is between u and w in the initial ordering, and v does not move past u or w in any ordering. If u moves past v then it does so in the same ordering as the colour assigned to the movement arc uv. Since non-anchored reversal arcs are coloured di erently uv is not coloured I, so u does not move in the I-ordering. Otherwise, if vu is a movement arc then u is between v and w in the initial ordering. In the I-ordering v moves past u and, since the movement arcs of w (if any) do not cross over or have the same destination vertex as vu, w cannot move past u in any ordering. Therefore v is between u and w in the I-ordering, and condition (2) holds.
We have thus shown that Theorem 1 is applicable. If k is the number of unbalanced degree six vertices (and therefore the number of anchored arcs) then Theorem 1 asserts G has a 4-bend grid drawing with bounding box volume (n + k=3) 3 and 2m + k bends. Since k n the bounding box volume is at most (n + n=3) 3 = (4n=3) 3 For maximum degree ve graphs, no anchored arcs are introduced. By Theorem 1 the bounding box has volume n 3 and each edge route has two bends.
Experimental Results
In Table 4 we compare the performance of existing grid drawing algorithms with the algorithm presented in this paper. In most cases the algorithm presented in this paper outperforms the other algorithms both in terms of bounding box volume and the total number of bends.
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